In this paper, we introduce a new product operation of association schemes in order to generalize the notion of semidirect products and wreath product. We then show that our construction covers some association schemes which are neither wreath products nor semidirect products of two given association schemes.
Introduction and preliminaries
Let X = (X, H) and Y = (Y, K) be association schemes. An external semidirect product Z of Y by X has been constructed in [1] . In the present paper, we generalize this construction by defining a fusion scheme of the semidirect product Z. Our main interest is to show that each of the direct, wreath and semidirect product arises from our construction when π and N are chosen appropriately. This paper consists of three sections. In the remainder of the present section, we introduce the notion of complex product of sets of relations and basic constructions of various products of association schemes which will be used throughout. We then introduce, in the second section, the concept of a 'generalized' semidirect product as a unifying notion of various products of association schemes. In the third section, we use the notions of the second section to illustrate with examples that each of the direct, wreath and semidirect product arises from the generalized semidirect product.
We begin by recalling a few basic facts about association schemes and their compositions. Let X be a finite set of points. We denote the diagonal relation {(x, x) : x ∈ X} on X by 1 X or often simply by 1. For an arbitrary nonempty subset a ⊂ X × X and a point z ∈ X, we let a * := {(x, y) : (y, x) ∈ a} and za := {x ∈ X : (z, x) ∈ a} for the transpose of a and the set of points being in relation a from z, respectively. We recall the definition of an association scheme by following the notation of [6] (We also refer to [2] for general information on association schemes.).
Association schemes. Let X be a finite set, and let H be a partition of X × X with nonempty relations on X. We call X = (X, H) an association scheme (or simply, a scheme) if it satisfies the following conditions:
3) for any a, b, c ∈ H, the cardinality of the set xa ∩ yb * is constant for every (x, y) ∈ c. i.e., it depends only on a, b, c.
The cardinality of the set xa ∩ yb * for (x, y) ∈ c is denoted by p c ab , and it is called an intersection number of X . For each relation a ∈ H and for any point x ∈ X, the intersection number p 1 aa * = |xa| is called the valency of a and it is denoted by n a . The sum c∈C n c of valencies for a nonempty subset C ⊆ H is denoted by n C . If n a = 1 for a ∈ H, then the relation a is called a thin relation. If all relations of a scheme are thin, then the scheme is called thin.
Let X = (X, H) be a scheme. For each pair of points (x, y) ∈ X × X, the unique relation of H which contains (x, y) is denoted by r(x, y). A real matrix R(X ), whose rows and columns are indexed by X, is called a relation matrix of X , if its (x, y)-entry is determined by the association relation of x and y; i.e., for all x, y, z, w ∈ X, R(X ) (x,y) = R(X ) (z,w) if and only if r(x, y) = r(z, w).
Let X = (X, H) and Y = (Y, K) be schemes. We say that X is isomorphic to Y, denoted by X Y, if there exists a bijection
for all x, y ∈ X.
An association scheme (X, K) is called a fusion scheme of (X, H) if each h ∈ H is contained in some k ∈ K. In this case, (X, H) is called a fission scheme of (X, K).
Complex products and closed subsets. For each nonempty subset E ⊆ H, we let E * := {a * : a ∈ E}. Given x ∈ X, xE denotes the union of sets xa over all a ∈ E. In [6] , the complex product of two nonempty subsets E and F of H, as a binary operation on the power set of the relation set H, is defined by
From the definition of the complex product, it is clear that (X, H) is thin if and only if
by the definition of closed subsets (see [6, p.10] ).
Factor schemes ( [6] ). Let (X, H) be an association scheme and F a closed subset in H. Let X/F := {xF : x ∈ X} and H/ /F := {a F : a ∈ H} where a F := {(yF, zF ) : z ∈ y(F {a}F )}. Then (X/F, H/ /F ) is an association scheme, which is called the factor scheme of (X, H) over F .
The parameters of a factor scheme can be calculated as follows [6, 1.5.4 ]. 
We now recall the definition of product operations, direct product, wreath product and semidirect product of association schemes (cf. [1] , [3] , [5] 
Here and in what follows, the subindex 0 is reserved for the diagonal relation; i.e., h 0 = 1 X and k 0 = 1 Y . We denote the ordered pair (x, y) belonging to the cartesian product Z = X × Y by (xy) omitting the comma. Thus a typical element of Z × Z is denoted by ((x 1 y 1 ), (x 2 y 2 )) with
Direct products. It is easy to construct the (external) direct product X × Y of X and Y; its typical relation may be described by
It is clear that there is a one-to-one correspondence between the two sets G and H × K given by g ij → (h i , k j ), and |G| = |H||K| = (m + 1)(n + 1). By reordering the elements g ij of G by g with = (n + 1)i + j, we have G = {g } 0≤ ≤mn+m+n . With this ordering of the elements of G, the relation matrix of X × Y can be described as
where J |X| and J |Y | are the square matrices of degrees |X| and |Y | all of whose entries are 1, and ⊗ indicates the Kronecker product of matrices.
Wreath products. The wreath product X Y of X and Y is defined on
The relations on Z are defined by the following rules:
• For any i, the relations between the elements of X i are determined by the relations between the first components in X ,
• The relations between the elements that belong to two different sets X i and X j are determined by r(y i , y j ) in Y and the relations are independent of the first components.
Thus the relations, denoted by f 0 , f 1 , ..., f m+n , of X Y may be ordered as follows:
Then the relation matrix of X Y may be given by
where I |Y | is the identity matrix of degree |Y |.
Semidirect products. The semidirect product merges the relations of two factors of the product into new relations in a different way from the direct product; it requires an action of one of the relation set to the other. To explore this product, let Sym(K) denote the symmetric group on K. We write a σ for the image of a ∈ K under σ ∈ Sym(K). For a scheme Y = (Y, K), we define
If we consider a relation set K = {k i : 0 ≤ i ≤ n} then each element in Aut(K) can be considered as an element in Sym({0, 1, . . . , n}). We note that each element σ of Aut(K) satisfies that
We now define the (external) semidirect product of Y = (Y, K) by X = (X, H). For a point x 0 ∈ X and given a homomorphism
we setπ := π • φ with the natural projection map
is an association scheme, called the semidirect product of Y by X relative to π and x 0 .
It is shown that the semidirect product (X × Y, H π K) of Y by X relative to π is essentially unique; that is, the semidirect product relative to π and x 0 is isomorphic to the semidirect product relative to π and x 0 for any element x 0 ∈ X (cf. [1] ). Thus we usually describe the semidirect product without specifying the x 0 . As in the theory of groups, if π is trivial then the semidirect product (X × Y, H π K) is simply the direct product X × Y. In fact, the homomorphisms π play a key role in semidirect products regarding the structure of schemes obtained by semidirect product. In the following section, we will use semidirect products and the action of π's on the cosets of certain normal closed subsets in K to introduce an idea of extending the notion of the products mentioned in this section.
The generalized semidirect product
Let X = (X, H) and Y = (Y, K) be association schemes, and let π be a group homomorphism from H/ /O ϑ (H) to Aut(K). In this section, by using a normal closed subset N of K that is invariant under the action of the images of π, we find a way to construct an association scheme as the fusion scheme of the semidirect product Z = (X × Y, H π K). We then show that this composition, referred to as a generalized semidirect product, is a unifying and generalizing form of the product operations ( direct product, wreath product and semidirect product) in the sense that each association scheme obtained via any of these product operations can be interpreted as a fusion scheme of the semidirect product of Y by X relative to appropriately chosen π and N (Thus we claim that this generalized semidirect product seems to be an appropriate approach in order to understand the large variety of different association schemes of small order.). 
and define
where the binary relations h · k i (h = 1 X ) and 1 X · k on Z are defined by
With the above notation, we have the following.
is an association scheme.
2) G is a fusion scheme of (X × Y, H π K).
This scheme G is referred to as the generalized semidirect product of Y by X relative to π with respect to N .
Proof: Since the proof of 2) is straightforward from the definition of the generalized semidirect product, we will prove 1) only.
give another coset decomposition of K for each x ∈ X. Therefore, each element ((x 1 y 1 ), (x 2 y 2 )) ∈ Z × Z belongs to an element in H π (K/N ). Moreover, as soon as we assume that ((x 1 y 1 ), (x 2 y 2 )) belongs to two relations h · k and h · k , we necessarily have
so h = h and k = k because two cosets of K are either disjoint or identical. Hence
(ii) We have
by (1), (2) and (3). Moreover, asπ(r(x 2 , x 0 )) =π(r(x 2 , x 1 ))π(r(x 1 , x 0 )), we have
In the case of ((xy 1 ), (xy 2 )) ∈ 1 X · k, it is clear that ((xy 2 ), (xy 1 )) ∈ 1 X · k * .
(iv) Finally, we need to verify that it satisfies the last condition of the definition of an association scheme. We do this by calculating the intersection numbers. Let ((x 1 y 1 ), (x 2 y 2 )) ∈ h · k and consider the cardinality of the set (1), (2) and Lemma 1.1, we have
Then by x = x 2 and Lemma 1.1
(Here δ g,h = 1 if g = h and 0 otherwise.) Similarly, if h i = 1 X and h j = 1 X then
This completes the proof. Proof: Because N is invariant by the action of the image ofπ, it is obvious due to Lemma 3.2 in [1] .
We now make a few observations on the relationship between various products of association schemes. We can easily see that all the association schemes constructed by direct, wreath and semidirect products can be obtained by the generalized semidirect product with respect to suitable N and π. We summarize the observations by the following corollary, which follows easily from our discussion. 
Applications to classification problem
Among fifty-nine association schemes of order 12, all but fifteen association schemes are described by direct products and wreath products of association schemes on smaller point sets. Among the fifteen that are not described by nontrivial direct nor wreath products, the association schemes labelled X 1 , X 4 and X 6 in [4, (7.12)] are described as semidirect products of smaller schemes (cf. [1] ). Two association schemes labelled X 3 and X 10 in [4, (7.12 )] are to be described by using the generalized semidirect product constructed in the previous section as we will see them momentarily.
Let G be a finite group. Then we obtain an association scheme, called a regular group scheme, X (G) := (G,Ḡ) where eachḡ ∈Ḡ for g ∈ G is defined bȳ If we take a normal closed subset N = {0, 1} in X (Z 4 ) and the trivial homomorphism π = 1 then we obtain X 3 by means of the generalized semidirect product. 
Example 3.2 Let X (K 3 ) be the association scheme with relation matrix
The scheme X 10 is obtained as the generalized semidirect product if we take N = {0, 1} in X (Z 4 ) and π = 1. 
Notice that above two examples are described by the generalized semidirect product relative to the trivial homomorphism π. According to part 3) of Corollary 2.3, X 3 and X 10 are fusion schemes of X (Z 3 ) × X (Z 4 ) and X (K 3 ) × X (Z 4 ), respectively. In the following example, we will see the generalized semidirect product relative to a nontrivial homomorphism π.
Then the structure of X 6 is described by 2 0 1 6 6 6 4 3 5 7 7 7 1 2 0 6 6 6 5 4 3 7 7 7 6 6 6 0 1 2 7 7 7 3 5 4 6 6 6 2 0 1 7 7 7 4 3 5 6 6 6 1 2 0 7 7 7 5 4 3 3 4 5 7 7 7 0 2 1 6 6 6 5 3 4 7 7 7 1 0 2 6 6 6 4 5 3 7 7 7 2 1 0 6 6 6 7 7 7 3 4 5 6 6 6 0 2 1 7 7 7 5 3 4 6 6 6 1 0 2 7 7 7 4 5 3 6 6 6 2 1 0
By using the generalized semidirect product, we construct a fission scheme and a fusion scheme of X 6 .
Let Z 1 be the semidirect product of X (Z 3 ) by X (Z 2 ) relative to π 1 and x 0 = 0 where π 1 (h 0 ) = id = (0)(1)(2) and π 1 (h 1 ) = (12). Then we have Let S be the semidirect product of Z 1 by X (Z 2 ) relative to π 2 and x 0 = 0 where π 2 (h 0 ) = id and π 2 (h 1 ) = (12)(45). Then X 6 is a fusion scheme of S by using a normal closed set N = {0, 1, 2} and π 2 . Therefore S is a fission scheme of X 6 .
On the other hand, the scheme Z 2 is a fusion scheme of X 6 via the generalized semidirect product with a normal closed subset N = {0, 1, 2} and π. 
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